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Abstract: This paper proposes a semiparametric sieve approach to estimate im-
pulse response functions of nonlinear time series within a general class of structural
autoregressive models. We prove that a two-step procedure can flexibly accommo-
date nonlinear specifications while avoiding the need to choose of fixed parametric
forms. Sieve impulse responses are proven to be consistent by deriving uniform esti-
mation guarantees, and an iterative algorithm makes it straightforward to compute
them in practice. With simulations, we show that the proposed semiparametric ap-
proach proves effective against misspecification while suffering only minor efficiency
losses. In a US monetary policy application, we find that the pointwise sieve GDP
response associated with an interest rate increase is larger than that of a linear
model. Finally, in an analysis of interest rate uncertainty shocks, sieve responses

imply more substantial contractionary effects both on production and inflation.
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1 Introduction

Linearity is a foundational assumption in structural time series modeling. For example,
large classes of macroeconomic models in modern New Keynesian theory can be reduced
to linear forms via linearization techniques. This often justifies the use of the linear time
series toolbox from a theoretical point of view. The seminal work of Sims (1980) on vector
autoregressive (VAR) models brought the study of dynamic economic relationships into
focus within the macro-econometric literature, for which the estimation and analysis of
impulse response functions (IRFs) is key (Hamilton, 1994b, Liitkepohl, 2005, Kilian and
Liitkepohl, 2017). The local projection (LP) approach of Jorda (2005) has also gained
popularity as an alternative, thanks to its flexibility and ease of implementation.

Linear models, however, are limited in the kind of effects that they can describe.
Asymmetries in monetary policy and non-proportional shock effects are now commonly
studied. However, most works construct essentially parametric nonlinear specifications.
For example, Tenreyro and Thwaites (2016) studying both sign and size effects of mone-
tary policy (MP) shocks using censoring and cubic transformations, respectively. Caggiano
et al. (2017), Pellegrino (2021) and Caggiano et al. (2021) use multiplicative interacted
VAR models to estimate effects of uncertainty and MP shocks. From a macro-finance
perspective, Forni et al. (2023a,b) study the economic effects of financial shocks following
the quadratic VMA specification (Debortoli et al., 2020). Gambetti et al. (2022) study
news shocks asymmetries by imposing that news changes enter an autoregressive model
through a threshold map. Parametric nonlinear specifications are also common prescrip-
tions in time-varying models (Auerbach and Gorodnichenko, 2012, Caggiano et al., 2015)
and state-dependent models (Ramey and Zubairy, 2018).

In this paper, we aim to design a semiparametric, structural nonlinear time series
modeling and estimation framework with explicit theoretical properties. Our structural
framework is an extension of the block-recursive form from Gongalves et al. (2021); we
combine it with the uniform sieve estimation theory of Chen and Christensen (2015)

within a general physical dependence setup (Wu, 2005). Under appropriate regularity



assumptions, we show that a two-step semiparametric series estimation procedure is able
to consistently recover the structural model in a uniform sense. Since we ultimately wish to
study impulse responses, our theory also encompasses guarantees for estimated nonlinear
IRFs: Nonlinear impulse response function estimates are asymptotically consistent and,
thanks to an iterative algorithm, straightforward to compute in practice.

To illustrate the validity of our proposed methodology, we first provide simulation
evidence. With realistic sample sizes, the efficiency costs of the semiparametric procedure
are small compared to correctly-specified parametric estimates. A second set of simula-
tions demonstrates that whenever the nonlinear parametric model is mildly misspecified
the large-sample bias is large, while for semiparametric estimates it is negligible. We then
evaluate how the IRFs computed with the new method compare with the ones from two
previous empirical exercises. In a small, quarterly model of the US macroeconomy, we
find that the parametric nonlinear and nonlinear appear to underestimate by intensity
the GDP responses by 13% and 16%, respectively, after a large exogenous monetary pol-
icy shock. Moreover, sieve responses achieve maximum impact a year before their linear
counterparts. Then, we evaluate the effects of interest rate uncertainty on US output,
prices, and unemployment following Istrefi and Mouabbi (2018). In this exercise, the im-
pact on industrial production of a one-deviation increase in uncertainty is approximately
54% stronger according to semiparametric IRFs than the comparable linear specification.
These findings suggest that structural responses based on linear specifications might be
appreciably underestimating shock effects.

A few similar efforts to the one we undertake in this paper have been made thus
far. Gourieroux and Lee (2023) provide a framework for nonparametric kernel estimation
and inference of IRFs via local projections, although they primarily work in the one-
dimensional, single lag case. The seminal work of Jorda (2005) suggested the so-called
“flexible local projection” approach based on the Volterra expansion. There are multiple
issues with this method: First, the Volterra expension is not formally justified, nor is its

truncation, which is key in studying its properties (Sirotko-Sibirskaya et al., 2020, Mova-



hedifar and Dickhaus, 2023). Second, the flexible LP proposal is effectively equivalent
to adding mixed polynomial terms to a linear regression, meaning it is a semiparametric
method and must be analyzed as such. As we deal with nonlinear impulse responses,
we briefly mention here the Generalized IRF (GIRF) approach originated by Koop et al.
(1996), Potter (2000) and Gourieroux and Jasiak (2005), of which Terédsvirta et al. (2010)
provide a textbook treatment. GIRFs are defined with more sophisticated conditioning
sets than standard IRFs. Yet, a core issue with GIRFs is that they do not explicitly ad-
dress the problem of structural identification (Kilian and Liitkepohl, 2017). In this line of
work, Kanazawa (2020) proposed to use radial basis function neural networks to estimate
nonlinear reduced-form GIRFs for the US economy.

The remainder of this paper is organized as follows. Section 2 provides the general
framework for the structural model. Section 3 describes the two-step semiparametric esti-
mation strategy and Section 4 discusses nonlinear impulse response function computation,
validity and consistency. In Section 5 we give a brief overview of simulation results, while
Section 6 contains the empirical analyses. Finally, Section 7 concludes. All proofs and ad-
ditional material can be found in the Supplementary Material. With regard to notation:
scalar and vector random variables are denoted in capital or Greek letters, e.g. Y; or ¢,
while realization are shown in lowercase Latin letters, e.g. ;. For a process {Y;}icz, we
write YVis = (Y, Vi, ..., Yso1, Ys), as well as Yy = (..., Y9, Y1, Y}) for the left-infinite
history and Y., = (Y, Yii1, Yito,...) for its right-infinite history. The same notation is
also used for random variable realizations. For a matrix A € R¥*4 where d > 1, || 4] is
the spectral norm, ||A||s is the supremum norm and ||A||, for 0 < r < o is the r-operator
norm. For a random vector or matrix, we will use || - |- to denote the associated L"

norm.



2 Model Framework

In this section, we introduce the general nonlinear time series model. In terms of structural
shocks identification, the idea is straightforward: One must choose a scalar series, X;, to
be the structural variable identifying shocks, and explicitly model the dynamic effects on
the remaining data, vector Y;. This will enable the derivation of economically meaningful

(structural) impulse responses due to an exogenous shock impacting Xj.

2.1 General Model

This paper focuses on the family of nonlinear autoregressive models of the form

X =1+ Ap(L)Yiq + An (L) X1 + g, )
Y;f = W2 + GZ(Y;f—ly cee a}/t—pa Xt7Xt—l7 s aXt—p> + Ugt.

where X, e X € R and Y; € Y < R are scalar and dy-dimensional time series, respec-
tively, u; = (uys, uh,) € U < R are innovations, d = 1 + dy, Gy : R4 — R is a generic
nonlinear map, and A;2(L) and Ay;(L) are lag polynomials (Liitkepohl, 2005). We let
Zy = (X, Y/!) € R be the full data vector. Let us provide some examples for the model

classes nested by (1).

Example 2.1 (Linear VAR). In the simplest case, Go(Yi—1,...,Yi—p, Xt, X1, ..., X4p) =

Ao (L)Y;—1 + A2 (L)X, and we recover the class of linear vector autoregressive models.

Example 2.2 (Additively separable model). When Go(Y;—1, ..., Y p, Xt, Xi1, ..., Xip) =
> Gian(Yi) +Z§:0 G21(Xi—;), model (1) is additively separable (Fan and Yao, 2003).

Example 2.3 (Nonlinear impact model). An even more parsimonious class than the
additively separable one is the one studied in Gongalves et al. (2021), which may be
informally termed the “nonlinear impact model class”, where

p
Y, = po + Asa (L)Y + Z Gjo1(Xi—j) + uge.
j=0



A useful equivalent representation of the above equation for Y; is

P
Y = po + Aa(L)Yi1 + Ao (L) X1 + Z G (Xe—j) + ug,
3=0

where now to identify nonlinear functions @m 'R — R¥ (0 < j < p, we require that
constant and linear factors be not included at indices 7 > 1. To make this more compact,

write

~ ~ O
Zi=u+ AL 21+ G(L)X; + vz, where G(L) := |~ ~ ~

! K ( ) =1 ( ) ! ! ( ) GO,Ql + G1721L + ...+ Gp721Lp
with the minor abuse of notation that @(L) = 50,21 +...+ ap’gle is now intended as

a functional lag polynomial, meaning ag(L)Xt = ?:0 ajvgl(Xt_j).l

2.2 Structural Framework

Model (1) involves only reduced-form innovations uy; and ug, meaning additional as-
sumptions are necessary in order to provide any structural interpretation. Many such
assumptions have been devised in the macroeconomic literature, but few can be directly
applied to nonlinear models (Kilian and Liitkepohl, 2017). Here, we follow the block-
recursive identification strategy outlined in Gongalves et al. (2021) and originally due to
Kilian and Vigfusson (2011).

From (1) we derive
Xi =+ Ap(L)Yiy + A (L) Xy + uay,
Y, = po 4+ Aga(L)Y;o1 + Asy (L) Xy + az(Y}—lzt—p,Xt:t—p) + Uy,

where, without loss of generality, we have assumed (as in Example 2.3) that we can
separate the linear and non-linear (52) components from G,. In general, it can be the

case that po = 0, Ag(L) = 0 or Ag (L) = 0 if e.g. Go is strictly nonlinear. In vector

!The choice to use a functional matrix notation is due to the ease of writing multivariate additive
nonlinear models such as (4) in a manner consistent with standard formalisms of linear VAR models,
following again e.g. Liitkepohl (2005).



form:

Zt =N + A(L)Zt_l + a(Zt;t_p) + Uy, where a(Zt;t_p) =

0
~ . (2)
GQ(}/;&—I:t—]H Xt:t—p)
We can now formalize the structural specification of our model.

Assumption 1. There exist (i) a vector B3 € R? and a matrix B2? € R *4v such that

=: BO_1

1 0
B2t B2?
is invertible and has unit diagonal, and (ii) mutually independent innovations sequences

{Elt}tez, €11 € 51 - R, and {€2t}t627 €ot € 52 - Rdy, such that

2 (B 5])

where ¥; > 0 and ¥, is a diagonal positive definite matrix so that

X =1+ Ap(L)Yiy + A (L) X1 + €y, )
Y = po + Ao (L)Yiq + Ao (L) Xi—q + 62(Yt—1:t—p7 Xt:t—p) + B§1€1t + B§262t7

where uy; = €14, Ug := B2ley, + B2%ey and thus u, = Byle, for ¢, = (e, ¢)) € £ < RY.

Remark 2.1. Assumption 1 follows Gongalves et al. (2021) closely. By design, one does
not need to identify the model fully, meaning that fewer assumptions on Z; and ¢, are
needed to estimate the individual structural effects of €;; on Y;. This comes at the cost of
not being able to simultaneously study structural effects with respect to shocks impacting

€9¢.

Note that inverting By ' gives

1
BO = 0 )
—By12 B2
and multiplying both sides we find
BoZy = b+ B(L)Zy—y + F(Zuuy) + €1, (4)

where b = (by,b,) € R? and F(Zyy—p) = (0, Fa(Zuy_p)) for Fy : R1#PY s R, —

7



BOQQCA?Q. In practice, to estimate the model’s coefficients, we will leverage (3). This latter
form was termed the pseudo-reduced form by Gongalves et al. (2021).

We observe that @(Yt_l:t_p,Xm_p) is correlated with ug; through B2'e;;. As X,
depends linearly on €4, if B2! + 0 and 52(m,1:t,p,xt:t,p) is not independent of X,
there is endogeneity. Gongalves et al. (2021) address the issue by proposing a two-step
estimation procedure wherein one proxies for €;; by means of regression residuals €. As
we show in Section 3 below, this approach does also allow consistent semiparametric

estimation.

Remark 2.2. (Moving Average Identification). Forni et al. (2023a,b) work with an al-
ternative nonlinear structural identification framework to the block-recursive form. Their
approach follows Debortoli et al. (2020), and is based on a vector MA representation.

Under appropriate assumptions, the structural model studied by Forni et al. (2023a) is
Zt =u-+ A(L)Zt + Q()F(Elt) + B()Et, (5)

where ¢; are independent innovations with zero mean and identity covariance, and ey,
identifies the shocks of interest. (L) and B(L) are both linear lag polynomials, and
F(x) = x? in their baseline specification. For (5) to overlap with (3), one must impose that
(i) X; is exogenous and independently distributed and (ii) only €1, has nonlinear effects.
We emphasize that, if innovation sequence €, is assumed to be observable, applying our

results to the framework of Debortoli et al. (2020) is straightforward.

2.3 Structural Nonlinear Impulse Responses

Starting from pseudo-reduced equations (3), we begin by assuming that the linear autore-

gressive component is stable.
Assumption 2. The roots of det(I; — A(L)L) = 0 are outside the complex unit circle.

This is a rather weak assumption which will enable us to write impulse responses in



a manner that can yield simplifications for additively separable models.? Then, letting

V(L) = (I;— A(L)L)™!, one can write
Zy =1+ O(L)er + T(Zw), (6)

where 1= U(1) (1, 1h)’, O(L) := ¥(L)By ! and T'(Zy.,) := W(L)(0, aQ(Y;_lit_p,Xt;t_p)’)’.
We emphasize that the nonlinear term I'(Z;..) generally depends on the entire history of
the process Z;, as W(L) is an infinite-order MA polynomial. To formally define impulse re-
sponses, it is useful to partition the polynomial ©(L) according to ©(L) := [0.1(L)O.5(L)]
, where ©.1(L) represents the first column of matrices in (L), and ©.5(L) the remaining
dy columns.

Given impulse § € R at time ¢, define the shocked innovation process as €15(d) = €
for s + t and €14(9) = €14 + 0, as well as the shocked structural variable as Z,(§) = Z, for

s <tand Zs(0) = Xs(€s.441,€ + 0, €_1.4) for s = t. Further, let

Zt+h =n + @~1(L)61t+h + @.2(L)€2t+h + F(Zt:*),

Zin(6) == n 4+ O.1(L)er4n(0) + Oa(L)egprn + I'(Zes(0)),
be the time-t baseline and shocked series, respectively. Then
IRFL(0) = E[Zi11(0) — Zyih] (7)

is the unconditional impulse response at horizon A due to shock 0. The difference is

directly Zi14(0) — Zisn = Op.10 + I'(Z1.4(8)) — I'(Z1.s), hence
IRF,(0) = ©4,.10 +E [T(Z1.4(0)) = T(Zp4)] - (8)

Remark 2.3. In additively separable models, it is simple to see that ['(Z,.,) is also
additively separable over lags of Z;. Accordingly, the baseline and shock series have an

additive form, as terms with time indices s < ¢ remain unaffected by the shock. Therefore,

2Stability of the linear VAR component is neither necessary nor sufficient for ensuring stability and
stationarity of the entire nonlinear process, c.f. Assumption 9’ in Section 3 below.

9



(8) reduces to
IRF,(0) = ©p,10 + E[Lo(Zesn(0)) = To(Zesn)] + ... + E[Lr(Z:(6)) —Tn(Ze)].  (9)
Coefficients I'; are again functional, and still cannot be collected across X;;(0) and X, ;.

Closed-form computation of nonlinear IRFs is highly non-trivial. Even in the separa-
ble case (9), while one can linearly separate expectations in the impulse response formula,
terms E [I';Z,4;(6) — [';Z,4] for 0 < j < h cannot be meaningfully simplified further.
Moreover, these expectations involve nonlinear functions of lags of Z; and are impractical
to derive explicitly. To avoid working with ©(L) and I'(L), we now present an iterative

algorithm which allows one to easily and efficiently compute nonlinear IRFs.

Proposition 2.1. Forany h =0,1,...,H, with H > 1 fized, if impulse response IRF,(0)

1s finite and well-defined, it can be computed with the following steps:

(i) Forj =0, let X;(0) = Xi+0 and Yi(6) = po+Go (Y1, ..., Yiep, Xu(6), Xym1, .., Xoep)+

B31<€1t +(5> +§2t'
(ii) For j=1,... h, let

Xi4(0) = p1 + A12(L)Yipj-1(0) + A (L) Xi15-1(0) + €145,
}/;H-j(é) = p2 + GQ(K—1(6)7 s 7}/;—p(6)7 Xt(5)7 Xt—1(5)7 s aXt—p((s)) + Bglelt-i-j + €2t+j'

where X¢(0) and Y;(0) are the shocked sequences determined by forward iteration

after time t, equaling baseline sequences X; and Y; at lags before t, respectively.
Setting Z.;(6) = (Xi(0),Y:(0)), it holds IRF(6) = E[Z;1;(0) — Z4].

Proposition 2.1 follows directly from the definition of the unconditional impulse re-
sponse (7) combined with a direct forward iteration of (3), sidestepping the explicit
MA(c0) formulation in (8). This approach dispenses from the need to simulate inno-

h—1

vations {e;4;};_;, as the joint distribution of {X; 4 1, X1 1,..., X;} already contains

all relevant path information. It also improves on the algorithm originally proposed in

10



Gongalves et al. (2021): Their computations for step (ii) are recursive, whereas Proposi-
tion 2.1 gives iterative forms.

When the model is estimated from data, for residuals €;; and ét it trivially holds
Xy = + 212([/)3@—1 + A\H(L)Xt—l + €1,
Y, = g + éz(Yt—h Yy, X, Xy, X ) §§1€1t + §2t-

In practice, this means that one can numerically construct the shocked sequence as

)?tJrj((s) =+ ﬁlz(L)ﬁﬂ—l((s) + EH(L))?H]‘A@) + €114

A~

iy (0) = fiz + Go(Yier(8), -, Yiop(6), Xi(6), Xim1(8), - .- Xe—p(8)) + BZ&114; + Earej,

for j =1,...,h where )A(t(é) = X; + 9, )A(t_s = X;_, for all s > 1, and similarly for 2(5)

3 Estimation

To discuss estimation, we will rewrite the equations in (3) with some minor reordering as

X = H/1W1t + €14, (10)
Y, = HIQWQt + &o,

_ P22 i / oy 1+pd
where &y = Biey, Iy := (1, Av, - 7Ap,117A17127 T 7Ap712) , I € RETPE

/
Gia(+)
M= |pe| - | B2,

GdYﬂ(‘)

Wlt = (17Xt—17 ce ,Xt—p7}/;L17 ce 7}/1€Lp>/ € de, and Wgt = (17Xt7Xt—17 R JXt—P’}/tLD .

e1;) € R**P4 With a slight abuse of notation, similar to the one used in Example 2.3, we
have written the functional terms in Iy as a “vector product”, Go - (X{,; ,, ¥/ 1, ) =
Gao(Xtt—p, Yi—1:4—p), Where Go is a vector of functions, one for each component of Y;.
Whenever II; 4 0, Wy is an infeasible vector of regressors due to term e;. To
estimate IT5, one can use Wa, = (1, Xt, Z{ 1.4, €1¢)" instead, which contains generated

regressors in the form of residual €1;. A valid two-step estimation procedure (Gongalves

11
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et al., 2021) is:
1. Regress X; on Wy, to get estimate ﬁl, compute residuals €, = X; — ﬁ&Wlt;
2. Semiparametrically regress Y; on I//I\/Zt to get estimate ﬁg.

There are many ways to implement Step 2, given that the literature on non- and semi-
parametric regression is mature. We rely on the sieve framework of Chen and Christensen
(2015) as the workhorse to derive the main theoretical results. The sieve framework is
known to be rich, encompassing e.g. neural networks (Chen and White, 1999, Shen et al.,

2023).

3.1 Semiparametric Series Estimation

The semiparametric regression problem of Step 2 is more readily analyzed by working on

each component of Y;. For i€ {1,..., dy}, consider
Yii= o+ Goi(Yie1, . . Yip, Xo, Xoo1, ., Xyp) + Bgﬁelt + & (11)

Let then my; 1= [p24, G4, B3i]. The regression equation for my; is thus Y; = m) W, +
&i, where V; = (Yi4,...,Y,) and & = (§201,---,8un). The estimation target is the
conditional expectation my;(w) = E[Y;; | Wa: = w] under the assumption E[&o; | W] = 0.

Assume that Go; € A, where A is a sufficiently regular function class to be specified in
the following. Given a collection by, ..., b, of K = 1 basis functions belonging to sieve B,,
define b°(-) == (bin(), - bew()) and By = (0°(Yor—ps X11-p)s « - o> 0" (Yoo s Xoin—p)) -
For univariate functions, one can directly apply spline, wavelet and Fourier sieves; in the
multivariate case, tensor-product sieves are straightforward generalizations (Chen and
Christensen, 2015). To construct the final semiparametric sieve for o ;, let by 1k, - . ., br KK
be the sieve basis in R x B, x R for K > 1 and K = 2 + k given by b, 1x(Wa) = 1,
b ok Wat) = b (Yic1:4—p, Xtt—p) and by g (Wa) = €4 for 2 < £ < k + 1. Note that
K, the overall size of the sieve, grows linearly in x, which itself controls the effective

dimension of the nonparametric component of the sieve, by ox, ..., br (x+1)k. Introducing

12



bVE(w) = (bpar(w),... bexx(w)) and B, := (b5 (Wy),... b5 (Wy,)), the generally
infeasible least squares series estimator 73 ;(w) is given by 75 ;(w) = bX (w)(BLBx) ' Bk Y;.
Similarly, the feasible series regression matrix By := (b5 (Way), ..., b5 (Wha,))' vields the
feasible least squares series estimator, 7o ;(w) = bX (w)’ (f)’;rf?ﬂ)*lé}(Yi.

To further streamline notation, wherever it does not lead to confusion, we will let
7y be a generic coefficient vector belonging to {m,;}7_;, as well as define 7, Y and us

accordingly.

3.2 Distributional and Sieve Assumptions

To derive asymptotic consistency results, we begin by stating conditions on the basic

probability structure of the model.
Assumption 3. {Z;},c7 is a strictly stationary and ergodic time series.

Assumption 4. X; e Y c R, Y, e Y c R¥ and ¢, € £ c R? for all t € Z, where X, Y

and & are compact, convex sets with nonempty interior.

Assumption 3 follows both Gongalves et al. (2021) and Chen and Christensen (2015).
Note that, as Wy, depends only on Xy, ,,, Y14, and €y, the entries of &y in (10) are
independent of Wy, so that E[ug; | W] = 0.

Assumption 4 implies that X, Y;, as well as ¢, are bounded random variables. In
(semi-)nonparametric estimation, imposing that X; be bounded almost surely is a stan-
dard assumption. Since lags of Y; and innovations €; contribute linearly to all components
of Z;, it follows that they too must be bounded. In practice Assumption 4 is not par-
ticularly restrictive, as many credibly stationary economic series often have reasonable

implicit (e.g. inflation) or explicit bounds (e.g. employment rate).

Remark 3.1. Bounded support assumptions are relatively uncommon in time series
econometrics, given the extensive literature available on linear models (Hamilton, 1994a,
Liitkepohl, 2005, Kilian and Litkepohl, 2017, Stock and Watson, 2016). Unbounded re-

gressors are significantly more complex to handle when working in the nonparametric

13



setting. Chen and Christensen (2015) do work in weighted sup-norms, but their uniform
results are stated only under a compact domain assumption. Avoiding Assumption 4 can
be achieved with a change in the model’s equations — e.g. the lags of Y; only effect X;
via bounded functions — but this avenue also restricts the model. Establishing a gen-
eral (uniform) theory of nonparametric regressions with unbounded data domains, on the
other hand, is a complex question. For kernel, partitioning and nearest-neighbor meth-
ods and i.i.d. data, a handful of papers develop results in L' and L? norms, see Kohler
et al. (2006, 2009) and Kohler and Krzyzak (2013). For wavelet estimators in the i.i.d.
regression setting, Zhou (2022) provided the first sup-norm result in Besov spaces, if with
suboptimal rates. Construction of a comprehensive nonparametric framework to handle
non-independent, unbounded data should thus be considered an important objective of

future research.
Without loss of generality, let Y = [0,1]% and X = [0, 1].

Assumption 5. The unconditional densities of Y; and X; are uniformly bounded away

from zero and infinity over ) and X, respectively.

Assumption 6. For all 1 < i < dy the restriction of Gy; to Y? x X7 = [0, 1] 74

belongs to the Holder class A*([0, 1]'*79) of smoothness s > 1.

Assumptions 5 and 6 are classical in the nonparametric regression literature. Let

then W, < R? be the domain of Wy. By assumption, W, is compact and convex and
is given by the direct product W = {1} x Y? x X' x & where & is the domain of

structural innovations ey i.e. £ =E&; x &,.

Assumption 7. Define (k. ,, := Sup, ey, |05 (w)|| and Mg, 1= [Amin (E[ b5 (W )05 (W) 1)] 712
It holds: (i) there exist wi,ws = 0 s.t. SUP,e, || VOE (w)|| < n K*2; (ii) there exist

w1 =0, wp > 08t Crp < 0OK®2; (i) Apin (E[ 05 (Way )bE (W) ]) > 0 for all K and n.

Assumption 7 provides mild regularity conditions on the families of sieves that can

be used for the series estimator. More generally, letting W, be compact and rectangular

14



makes Assumption 7 hold for commonly used basis functions (Chen and Christensen,
2015). In particular, Assumption 7(i) holds with w; = 0 since the domain is fixed over
the sample size. What is also needed is that the nonparametric components of the sieve
given by b 1k,...,br kx are able to approximate Gs; well enough. Throughout this
paper, we will consider specific families of sieves, which are known to fulfill the regularity
conditions spelled out in Assumption 7. The approximation properties of these sieves are

well understood (Chen, 2007).?

Assumption 8. Sieve B, belongs to BSpl(k, Wh, 1) or Wav(k, Wh, 1), the tensor B-spline

and tensor wavelet sieve, respectively, of degree r over W, with r > max{s, 1}.

We define b5 (w) := E[ b5 (Wa, )oK (War)' |7V2 05 (w) and By := (b5 (Way), ..., bE (W)’
to be the orthonormalized vector of basis functions and the orthonormalized regression
matrix, respectively. To derive uniform converges rates under dependence, we require

that the Gram matrix of orthonormalized sieve converges to the identity.
Assumption 9. It holds that ||(B.B,/n) — Ix|| = op(1).

Chen and Christensen (2015) introduced Assumption 9 as a key ingredient for their
proofs, while also showing that it holds whenever {W5,},c7 is either an exponential or al-
gebraic S-mixing process. Unfortunately, mixing conditions are opaque in terms of their
connection to the model specification, as they rely on bounding the worst-case “indepen-
dence gap” between probability events (see Appendix A). We extend their approach to
the case of geometrically decaying physical dependence, a metric proposed by Wu (2005),
a setting where many estimation and inference results have been derived, see for example

Wu et al. (2010), Wu (2011), Chen et al. (2016) and references within.

Assumption 9'. Let {Z,}.z be such that we can write Z,., = ®™(Z,, €;41.445) for all
h = 1, nonlinear maps ®" and innovations {€;},cz. Then, for r > 2, there exists constants

a; > 0, ay > 0 and 7 € (0, 1] such that it holds

Sl%p H Livh — (I)(h)(Z,g, €1+1:t4h) HLT < ajexp(—az h").

3See also Chen (2013), Belloni et al. (2015) for additional discussion and examples of sieve families.
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Assumption 9 is subsumed by Assumption 9. Using physical dependence measure,
we argue that it is also possible to swap mixing conditions with more explicit, primitive
conditions derived exclusively in terms of model specification (1). In particular, for specific
semiparametric model specifications, it is possibly to verify Assumption 9’ directly by
leveraging stability /contractivity theory of dynamic systems. We refer the reader to

Appendix A for an in-depth discussion of dependence and physical conditions.

3.3 Uniform Convergence and Consistency

We can now state our main result: The two-step estimation procedure for (10) provides

consistent estimates.

Theorem 3.1. Let {Z;}iez be determined by structural model (4). Under Assumptions 1,
3, 4, 5, 6,7 8and 9, let fIl and ﬁg be the least squares and two-step semiparametric

series estimators for I1; and Iy, respectively. Then, Hfh — 1Ll = Op(n~'2) and

~ K ~
|y — Ia||es < Op (CK,n/\K,n ) + [[T15 — L2 ||,

NG

where 113 is the infeasible series estimator involving €y;.

The proof is a moderate extension of Theorem 1 in Chen and Christensen (2015): Sup-
norm bounds for ||ﬁ§ —IIs||o follow immediately from their Lemma 2.3 and Lemma 2.4.
In particular, choosing the optimal nonparametric rate K = (n/log(n))¥®+d for the
infeasible estimator would yield [|IT§ — Iyl = Op((n/log(n))=*/?*®). The condition
for consistency in Theorem 3.1 reduces to K*2/,/n = o(1), since for B-spline and wavelet
sieves Ak, < 1 and Cx,p < VK. Tt is simple to show that, if for the feasible estimator
II, the same rate (n/log(n))¥?s+4) is chosen for K, consistency is fulfilled assuming e.g.
s> 1and d = 1, such as in the setting of the additively separable model in Example 2.3.
A number of methods can be used to select K in practice: Cross-validation, generalized
cross-validation and Mallow’s criterion are commonly employed (Li and Racine, 2009).

In the case of piece-wise splines, once size is selected, knots can be chosen to be the K
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uniform quantiles of the data. In simulations and applications, for simplicity, we select

sieve sizes manually and locate knots approximately following empirical quantiles.

4 Impulse Response Analysis

Once the model’s coefficients are estimated, derivation of nonlinear impulse responses
must be addressed. To ensure compatibility with bounded support assumptions, we in-
troduce an extension of the classical IRF definition, termed relazed impulse response
function. We then show that nonlinear relaxed IRFs can be consistently estimated, and

uniformly so with respect to shocks picked within a compact range.

4.1 Relaxed Shocks

Under Assumptions 4 and 5, the standard construction of impulse responses following
Section 2.3 is, unfortunately, improper. This is immediately seen by noticing that, at
impact, X;(0) = X; + 0, meaning that P(X;(0) ¢ X) > 0 since there is a translation of
size 0 in the support of X;. To address this problem, we introduce an extension to the
standard additive shock that is used to define impulse responses.

We begin by defining mean-shift shocks, that is, shocks such that the distribution
of time t innovations is shifted to have mean 9, while retaining compact support almost

surely.

Definition 4.1. A mean-shift structural shock €1,(9) is a transformation of €1, such that

P(er(6) € &) = 1 and E[e(9)] = 0.

With a mean-shift shock, at impact it holds X;(0) = X; + (e14(0) — €14). In the
standard setting, where E[¢;] = 0 and & = R, €,(5) = €1, + § is clearly valid. More
generally, however, imposing E[e4(0)] = d requires that the distribution of €;; be known.
If instead one is willing to assume only that E[ey, ()] ~ 4, it is possible to sidestep this

need by introducing a shock relaxation function.
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Definition 4.2. Assume & = [a,b]. A shock relazation function is a map p : & — [0,1]
such that p(e) = 0 for all e € R\ &, p(e) = 0 for all e € & and there exists ey € & for

which p(eg) = 1. Moreover, for a given shock 6 € R,
(i) If § > 0, p is said to be right-compatible with ¢ if e + p(e)d < b for all e € &;.
(ii) If § <0, p is said to be left-compatible with § if e + p(e)d = a for all e € &;.
(iii) p is compatible with shock magnitude |5| > 0 if it is both right- and left-compatible.

By setting €1,(d) = €1 + dp(eyy) for a p compatible with 4, it follows that X;(0) =
X+ dplerr) and |Ele()]] = [0E[p(er)]| < |0] since E[p(err)] € [0,1) by definition of p.
If p is a bump function, a relaxed shock is a structural shock that has been mitigated
proportionally to the density of innovations at the edges of £ and the squareness of p.
It is important to emphasize that shock relaxation is a generalization of standard shock
designs. Indeed, when X = R and & = R, p = [{[—o0, 0]} is a relaxation function
compatible with all 6 € R. Nonetheless, we may also wonder of how much information
on nonlinear term (G5 we can recover at the “boundary” of a finite sample. If X, is
unbounded but well-concentrated, even under strong smoothness conditions and strictly
positive density, little can be learned about the local structure of regression functions in

regions of low density."

Remark 4.1. When studying impulse responses, a researcher should be primarily in-
terested in shock ¢ itself, not p. In this paper, and more specifically in Sections 5
and 6, we choose p to be an symmetric exponential bump function, p € {z — {z <

chexp(l + (|z/c|* —1)7') | @ > 0}. This C* bump class is widely studied in both func-

tional (Mitrovic and Zubrinic, 1997) and Fourier analysis (Stein and Shakarchi, 2011).°

“In our regression setting, for example, Theorem 1 in Kohler et al. (2009) on Ly kernel regression
error, assuming E[|X;|?] < M < o for some constant 3 > 2s, would require the bandwidth to grow
over X faster than |X;|. This question is also linked to issues in kernel density estimation over sets with
boundary, see e.g. Karunamuni and Alberts (2005), Malec and Schienle (2014), Berry and Sauer (2017)
and references therein.

®For generic shock distributions, one can for also consider the class {x — I{a < z < b} exp(1 + (|2(x —
b)/(b—a)+1]* —1)71) | @ > 0} of exponential bump functions with domain [a, b] < R.
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We aim to set o to be as large as possible to minimize distortions from a linear shift,

while retaining compatibility with § € D, where D is a set of shocks of empirical interest.

4.2 Relaxed Impulse Response Consistency

We will now study relaxed impulse responses in the setting of additively separable models.
The reason is twofold: First, additive separability is a very common assumption in applied
work, as we shall impose it in the models applied in both Section 5 and 6. Second,
collecting nonlinear terms over lags significantly streamlines notation and analysis. It
would be straightforward, if tedious, to extend our derivations below to the more general
setting of Theorem 3.1.

Given § € R and compatible shock relaxation function p, let d; := dp(eyy). Starting

from a path of realization X;, ;. and (9), the relaxed shock path is

J
Xt+j(5t) = Xt+j + @j,115t + Z [Fk,11Xt+j—k(5t) - Fk,llXt-i-j—k] = ’Yj(Xt+j:t; 5t)-
k=1

The relaxed-shock impulse response is thus given by
IRF(0) := E[Zy5(30) — Zors]) = Onad Epler)] + Y, B [ThXos 4(3) — TXonsa].
k=1

For 1 < ¢ < d, we let V;,(9) be the sample analog of the horizon j nonlinear effect on the

(th variable,

1 A ~ 1A ~
Vj,z(5) = n—j 2 [Fj,é’Yj(Xt+j;t; 5t) - Fj,éXt+j] = ”7—3 Z Uj,é(Xt+j:t; 5t)
t=1 t=1

where I'j, is the /th component of functional vector I';. As €y, is not universally observ-
able, we introduce its residual counterpart, o, = dp(€1;). The associated plug-in sample

estimates are ‘A/M((S) =(n—j )t Z;:l] V)0 (Xt+j:t;gt>a @j,e(XHj:t;gt) = f‘mﬁj(XHjst;gt) -
fj,ZXt+j7 and

— n h

IRF},(6) = Opadn" Z p(€1) + 2 Vje(6).

) j=0

t=

Our next theorem proves consistency of the relaxed impulse responses estimator based

on semiparametric series estimates. We leverage the sup-norm bounds of Theorem 3.1 to
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derive a result that is uniform in § over a compact interval [—D, D], D > 0. This allows

us to make valid comparisons between IRFs due to shocks of different size.

Theorem 4.1. Let I/ﬁ]/:?h7g(5) be the semiparametric estimate for the horizon h relaxed
shock IRF of variable ¢ based on relaxation function p with compatibility range [—D, D].
Under the assumptions in Theorem 3.1 and Assumption 2,
sup Iﬂﬁi‘hl(é) — IRf\Fh,g((S) = op(1)
6e[—D,D]

for any fixed integers 0 < h < o0 and 1 < £ < d.

Remark 4.2. By construction of ﬁ‘h,g(é), Proposition 2.1 remains valid when comput-
ing Iﬁ?h(é) instead of IRF(d). The only adjustment to be made is that in step (i) one
must set X;(0) = X; + dp(e1¢) and iterate forward accordingly. Assumptions 1, 3 and 9’

ensure that the IRFs of interest are well-defined.

Remark 4.3. Our definition of compatible relaxation function is static, as it considers
only the impact effect of a shock. Nonetheless, X;(d) € X for all ¢ must hold to properly
define fﬁf‘h(é). In theory, given 9, one can always either expand X or strengthen p so that
compatibility is enforced at all horizons 1 < h < H. In simulations, the choice of domains
and relaxation functions can be done transparently. When working with empirical data,
unless X; is exogenous or strictly autoregressive, more care has to be taken to check that
there is no dynamic domain violation. In Section 6.2, where X; is an endogenous series,

we discuss such robustness check.

5 Simulations

To analyze the performance of the two-step semiparametric estimation strategy discussed
above, we begin by considering the two simulation setups employed by Gongalves et al.
(2021). The setup involves comparing the bias and MSE of the estimated relaxed shocked
impulse response functions for different methods. Additionally, we provide simulations

under a misspecification design which highlight how in larger samples the nonparametric
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Figure 1: Simulation results for DGP 2 with § = +1.

sieve estimator consistently recovers impulse responses, while a least-squares estimator
constructed with a pre-specified nonlinear transform does not. We compute MSE and
bias of both the parametric IRFs obtained via least squares regression on transformed
regressors and the semiparametric two-step estimator using 10000 Monte Carlo replica-
tions. Population impulse responses are computed with 10° replications. In all setups, we

use a cubic B-spline sieve.

Benchmarks. Like in Gongalves et al. (2021), we consider two simulation setups: A
bivariate design with identified shocks (DGPs 1-3), and a three-variable design with partial
block-recursive identification (DGPs 4-6). In all cases, we consider a sample of size of
n = 240, which is realistic for most macroeconomic data settings: this is approximately
equivalent to 20 years of monthly data or 60 years of quarterly data (Gongalves et al.,
2021).

Due to space constraints, we discuss here only a bi-variate simulation design with
a shock § = +1. We set either X; = ¢, (DGP 1), X; = 0.5X; 1 + €1, (DGP 2) or
X; = 05X, +0.2Y;_1 + €1; (DGP 3), and

Y, = 0.5Y;_1 + 0.5X, + 0.3X,_1 — 0.4max(0, X;) + 0.3 max(0, X,_1) + .

Innovations €;; and €5, are drawn as independent, truncated standard Gaussian variables
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over [—3,3]. The shock relaxation function is p(z) = I{|z| < 3}exp (1 + [|z/3]* — 1]71),
c.f. Remark 4.1. In Figure 1 we show MSE and bias curves for the IRF on Y; in DGP 2,
where X, is an exogenous AR(1) process. One case see that the sieve IRF leads only to a
minor increase in mean squared error at short horizon compared to directly estimating the
parameter of the true specification. This marginal increase in MSE is consistent across
DGPs 1 through 3.

These simulations show that there is negligible loss of efficiency in terms of either
MSE or bias when implementing the fully flexible semiparametric estimates at realistic
sample sizes. We confirm these results when studying DGPs 4-6, where estimation of
structural matrix By is included in the regression problem. Detailed results can be found

in Appendix C.

Misspecified Model. To assess the robustness of the proposed semiparametric ap-

proach versus the parametric nonlinear model, we consider a modified version (DGP 7):

X; = 08X 1 + ey,
(12)
Y: = 0.5Y,1 +0.90(X;) + 0.50(X; 1) + €.
where p(z) := (x—1)(0.5+tanh(x—1)/2). In this design, we assume that the researcher’s
prior is ¢(z) = max(0, x), as in the benchmark simulations. To emphasize the difference
in estimated IRFs, in this setup we focus on § = +2 and n = 2400; innovations ey,
and € are drawn from a standard Gaussian distribution truncated over [—5,5], and
p(z) = exp(1 + [|2/5]>? — 1]71). As Figure 2 shows, positive-shock parametric nonlinear
IRF estimates are severely biased, while semiparametric sieve IRFs show comparatively
negligible error: This yields an up to 4 times reduction of overall MSE at short horizons.
Appendix C provides additional simulation results proving that the same improvements
hold when § = —2. There, we also discuss the setting where ¢(z) is replaced with map
P(x) = p(z + 1), which agrees closely with max(0,z). In this last setting, we find that

parametric nonlinear regression actually dominates in MSE and bias terms. As one might

expect, therefore, parametric modeling is optimal only in cases where a good model prior
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Figure 2: Simulation results for DGP 7 with shock § = +2.

is available.

6 Empirical Applications

In this section, we showcase the practical utility of the proposed semiparametric sieve

estimator by considering two applied exercises.

6.1 Monetary Policy Shocks

A four-variable model is set up identically to the one analyzed by Gongalves et al. (2021)
based on Tenreyro and Thwaites (2016). Let Z; = (X, FFR;, GDP;, PCE,)’, where X; is
the series of narrative U.S. monetary policy shocks, FFR; is the federal funds rate, GDP, is
log-real GDP and PCE, is PCE inflation.® As a pre-processing step, GDP is transformed
to log GDP and then linearly detrended. The data is available quarterly and spans from
1969:Q1 to 2007:Q4. As in Tenreyro and Thwaites (2016), we use a model with one lag,
p = 1. Narrative shock X; is considered to be an i.i.d. sequence, i.e. X; = €y, therefore

we assume no dependence on lagged variables when implementing the pseudo-reduced

6In Gongalves et al. (2021) p. 122, it is mentioned that CPI inflation is included in the model, but
both in the replication package made available by one the authors (https://sites.google.com/site/
lkilian2019/research/code) from which we source the data, and in Tenreyro and Thwaites (2016),
PCE inflation is used instead. Moreover, the authors say that both the FFR and PCE enter the model
in first differences, yet in their code these variables are kept in levels. We thus consider a model in levels
to allow for a proper comparison between estimation methods.
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form (3). Like in Gongalves et al. (2021), we consider positive and negative shocks of size
|| = 1 and choose p(z) = I{|z| < 4}exp(1 + [|2/4]° — 1]7') to be the shock relaxation
function. Figure D.9 in the Online Appendix provides a check for the validity of p given
the sample distribution of X;. Knots for sieve estimation are located at {—1,0,1}. The
model is block-recursive: U.S. monetary policy shocks are identified without the need to
impose additional assumptions on the remaining shocks. Gongalves et al. (2021), following
Tenreyro and Thwaites (2016), use two nonlinear transformations, F'(z) = max(0, z) and
F(x) = 23, to try to gauge how negative versus positive and large versus small shocks,
respectively, affect the U.S. macroeconomy. They find the two maps yield very similar
responses, so we focus on comparing the IRFs estimated via sieve regression with the ones
obtained by setting F'(x) = max(0,z), as well as linear IRFs. Figure 3 plots estimated
impulse responses to both positive and negative monetary policy shocks. The impact
on the federal funds rate is consistent across all three procedures. The semiparametric
nonlinear response for GDP, unlike in the case of linear and parametric nonlinear IRFs, is
nearly zero at impact and has a monotonic decrease until around 10 quarters ahead. The
change in shape is meaningful, as the procedure of Gongalves et al. (2021) still yields a
small short-term upward jump in GDP when a monetary tightening shock hits. Moreover,
after the positive shock, the sieve GDP responses reaches its lowest value 4 and 2 quarters
before the linear and parametric nonlinear responses, while its size is 13% and 16% larger,
respectively.” Finally, the sieve PCE response is positive for a shorter interval, but looks
to be more persistent once it turns negative also 10 months after impact.

When the shock is expansionary, one sees that the semiparametric FFR response is
marginally mitigated compared to the alternative estimates. An important puzzle is due
to the clearly negative impact on GDP: Both types of nonlinear responses show a drop
in output in the first 5 quarters. Such a quick change seems unrealistic, as one does not
expect inflation to suddenly reverse sign, but, as Gongalves et al. (2021) also remark, the

overall impact on inflation of both shocks is small when compared to the change in federal

"The strength of this effect changes across different shocks sizes, as Figure D.7 in Appendix D proves.
As shocks sizes get smaller, nonlinear IRFs, both parametric and sieve, show decreasing negative effects.
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Figure 3: Effect of an unexpected U.S. monetary policy shock on federal funds rate, GDP
and inflation. Linear (gray, dashed), parametric nonlinear with F(x) = max(0,z) (red,
point-dashed) and sieve (blue, solid) structural impulse responses. For § = +1, the lowest
point of the GDP response is marked with a dot.

funds rate.

6.2 Uncertainty Shocks

Traditional central bank policymaking is heavily guided by the principle that a central
bank can and should influence expectations: Therefore, controlling the (perceived) level of
ambiguity in current and future commitments is key. Istrefi and Mouabbi (2018) provide
an analysis of the impact of unforeseen changes in the level of subjective interest rate
uncertainty on the macroeconomy. They derive a collection of new indices based on short-
and long-term profession forecasts. Their empirical study goes in depth into studying the

different components that play a role in transmitting uncertainty shocks, but for the sake
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of simplicity my evaluation will focus only on their 3-months-ahead uncertainty measure
for short-term interest rate maturities (3M3M) and the US economy.

Like in Istrefi and Mouabbi (2018), let Z; = (X;,1P;, CPI,, PPI;, RT;, UR;)" be a
vector where X, is the chosen uncertainty measure, IP; is the (log) industrial production
index, CPI, is the CPI inflation rate, PPI; is the producer price inflation rate, RT, is (log)
retail sales and UR; is the unemployment rate. The nonlinear model specification is given
by

Zy=pu+ A7+ AsZy 1+ Fi(Xiq) + Fo(X2) + DWW, + wy,

where W, includes a linear time trend and oil price OIL;.® The data has monthly frequency
and spans the period between May 1993 and July 2015.° Note here that, following the
identification strategy of Gongalves et al. (2021), nonlinear functions F; and Fy are to
be understood as not effecting X;, which is the structural variable. The linear VAR
specification of Istrefi and Mouabbi (2018) is recovered by simply assuming F; = Fy = 0
prior to estimation. Since they use recursive identification and order the uncertainty
measure first, this model too is block-recursive. We consider a positive shock with intensity
0 = 0.1, where o is the standard deviation of structural innovations. In this empirical
exercise, the relaxation function is p(z) = I{|z| < 1/4} exp(1 + [|4z|® — 1]7!) and we set
{0.1,0.3} to be the cubic spline knots. As 3M3M is a non-negative measure of uncertainty,
some care must be taken to make sure that the shocked paths for X; do not reach negative
values. Figure D.10 in Appendix D shows that the relaxation function is compatible, and
also that the shocked nonlinear paths of X; with impulse 0 and ¢’ all do not cross below
Zero.

Figure 4 presents both the linear and nonlinear structural impulse responses ob-
tained. Importantly, even though Istrefi and Mouabbi (2018) estimate a Bayesian VAR

model and here we consider a frequentist vector autoregressive benchmark, the shape of

8Inclusion of linear exogenous variables in the semiparametric theoretical framework in Section 3 is
straightforward as long as one can assume that they are stationary and weakly dependent. The choice of
using p = 2 is identical to that of the original authors, based on BIC.

9T reuse the original data employed by the authors, who kindly shared it upon request, but rescale
retail sales (RT;) so that the level on January 2000 equals 100.
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Figure 4: Effect of an unexpected, one-standard-deviation uncertainty shock to US
macroeconomic variables. Linear (gray, dashed) and sieve (blue, solid) structural im-
pulse responses. The extreme points of the responses are marked with a dot.

the IRFs is retained, c.f. the median response in the top row of their Figure 4. When
uncertainty increases, industrial production drops, and the size and extent of this decrease
is intensified in the nonlinear responses. In fact, the sieve IP response reaches a value
that is 54% lower than that of the respective linear IRF.'” A similar behavior holds true
for retail sales (38% lower) and unemployment (23% higher), proving that this shock is
more profoundly contractionary than suggested by the linear VAR model. Further, CPI
and PP inflation both display short-term fluctuations, which strengthen the short- and
medium-term impact of the shock. CPI and PP nonlinear inflation responses are 76%
and 41% stronger than their linear counterpart, respectively. These differences show that
linear IRFs might be both under-estimating the short-term intensity and misrepresent-
ing long-term persistence of inflation reactions. From another perspective, Nowzohour

and Stracca (2020) presented evidence that consumer consumption growth, credit growth

OFigure D.11 in Appendix D confirms that this difference is consistent over a range of shock sizes,
too.
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and unemployment do not co-move with the policy uncertainty index (EPU) of Baker
et al. (2016), but are negatively correlated with financial volatility. Given the strength of
nonlinear IRFs, this discrepancy may also suggest that the 3M3M uncertainty measure
partially captures the financial channel, too.

The introduction of nonlinear terms in the structural VAR of Istrefi and Mouabbi
(2018) thus provides evidence that fundamental impulse response features might other-
wise be missed. Indeed, Figure D.8 in Appendix D - which plots regression functions of
endogenous variables with respect to X; - shows that high and low uncertainty levels may
have significantly different effects on endogenous economic variables. In particular, at the
second lag, tail effects appear to be milder, while at low levels changes in uncertainty have

more pronounced impact.

7 Conclusion

This paper studies the application of semiparametric series estimation to the problem
of structural impulse response analysis for time series. After first discussing the partial
identification model setup, we have used the conditions of system contractivity and sta-
bility to derive physical measures of the dependence for nonlinear systems. In turn, these
allow to derive primitive conditions under which series estimation can be employed and
structural IRFs are consistently estimated. Simulation results prove that this approach is
valid in moderate samples and has the added benefit of being robust to misspecification of
the nonlinear model components. Finally, two empirical applications showcase the utility
in departing from both linear and parametric nonlinear specifications when estimating
structural responses.

A key aspect that we have not touched upon is inference in the form of confidence
intervals. This however seems feasible in light of the uniforms inference results obtained
by e.g. Belloni et al. (2015) in the i.i.d. setting and Li and Liao (2020) for time series data.

Studying other sieve spaces, such as neural networks (Chen and White, 1999, Farrell et al.,
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2021) or shape-preserving sieves (Chen, 2007), would also be highly desirable. Finally, in
the spirit of Kang (2021), deriving new inference results that are uniform in the selection
of series terms is important, as, in practice, the sieve should be tuned in a data-driven

way.
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A Dependence Conditions

A.1 Mixing

For the sake of completeness, we first recall the definition of S-mixing process: this is
originally the dependence frameworks employed by Chen and Christensen (2015). Let
(Q, Q,P) be the underlying probability space and define

B(A,B) : —sup > [P(A; 0 By) — P(A)P(B))|

(4,5)eIxJ

where A, B are two o-algebras, {A;}ie; © A, {B,}je; < B and the supremum is taken over

all finite partitions of Q. The h-th S-mixing coefficient of process {Wa;}icz is defined as
/B(h) = Slz‘pﬁ<o-( S WQt—h WQt)7 B aU(W2t+h7 W2t+h+17 . ))7

and Wy, is said to be geometric or exponential -mizing if 5(h) < 1 exp(—~2h) for some
~v1 > 0 and 75 > 0. An important consideration to be made regarding mixing assumptions
is that they are, in general, hard to study. Especially in nonlinear systems, assuming that
B(h) decays exponentially over h imposes very high-level assumptions on the model. There
are, however, a number of setups (linear and nonlinear) in which it is known that S-mixing

holds under primitive assumptions (see Chen (2013) for examples and relevant references).

A.2 DModel-Based Physical Dependence

Consider a non-structural model of the form
Zt = G(Zt—lyet)- (13)

This is a generalization of semi-reduced model (2) where linear and nonlinear components

are absorbed into one functional term and By is the identity matrix.! Indeed, note that

*E-mail: giovanni.ballarin@unisg.ch
Tn this specific subsection, shock identification does not play a role and, as such, one can safely
ignore By.


mailto:giovanni.ballarin@unisg.ch

models of the form Z, = G(Z;_1, ..., Z;_p, &) can be rewritten as (13) using a companion
formulation. If ¢ is stochastic, (13) defines a causal nonlinear stochastic process. More
generally, it defines a nonlinear difference equation and an associated dynamical system
driven by ¢,. Throughout this subsection, we shall assume that Z, € Z < R as well as
e €& Rz,

Relying on the framework of Potscher and Prucha (1997), we now introduce explicit
conditions that allow to control dependence in nonlinear models by using the toolbox
of physical dependence measures developed by Wu (2005, 2011). The aim is to use a
dynamical system perspective to address the question of imposing meaningful assumptions
on nonlinear dynamic models. This makes it possible to give more primitive conditions

under which one can actually estimate (10) in a semiparametric way.

A.3 Stability

An important concept for dynamical system theory is that of stability. Stability turns
out to play a key role in constructing valid asymptotic theory, as it is well understood in
linear models. It is also fundamental in developing the approximation theory of nonlinear

stochastic systems.

Example A.1. As a motivating example, first consider the linear system 7, = BZ, | +¢,
where we may assume that {€;}z, ¢, € R%, is a sequence of i.i.d. innovations.? It is well-
known that this system is stable if and only if the largest eigenvalue of B is strictly
less than one in absolute value (Liitkepohl, 2005). For a higher order linear system,
Zy = B(L)Z;_1 + ¢, where B(L) = By + BoL + ...+ B,LP~!, stability holds if and only if
| Amax(B)| < 1 with B being the companion matrix associated with B(L).

Extending the notion of stability from linear to nonlinear systems requires some
care. Potscher and Prucha (1997) derived generic conditions allowing to formally extend

stability to nonlinear models by first analyzing contractive systems.

Definition A.1 (Contractive System). Let Z, € Z € R ¢, € £ € R, where {Z;}1ez, is
generated according to Zy = G(Z;_1,¢€;). The system is contractive if for all (z,2') € Zx Z
and (e, e') € £ x € the condition ||G(z,€) — G(Z,€)|| < Cgzl|z — 2| + Cc|le — €|| holds with

Lipschitz constants 0 < Cz <1 and 0 < C. < 0.

Sufficient conditions to establish contractivity are

sup {

20ne could alternatively think of the case of a deterministic input, setting e; ~ P;(a;), where P;(a;)
is a Dirac density on the deterministic sequence {a;}iez.

stack?Z, [gg(zz, ei)] ZeZee 8} <1 (14)

7




and

||&G < o, (15)
o€

where the stacking operator stauckglzz1 [ - ]; progressively stacks the rows, indexed by i, of its
argument (which can be changing with i) into a matrix. Values (z,e') € Z x £ change
with index 7 as the above condition is derived using the mean value theorem. Therefore
it is necessary to consider a different set of values for each component of Z;.

It is easy to see, as Potscher and Prucha (1997) point out, that contractivity is often
a too strong condition to be imposed. Indeed, even in the simple case of a scalar AR(2)
model Z; = b1 Z;_1 + boZy_o + €, regardless of the values of b1,b, € R contractivity is
violated. This is due to the fact that in a linear AR(2) model studying contractivity
reduces to checking ||B|| < 1 instead of [Anax(B)| < 1, and the former is a stronger
condition than the latter.® One can weaken contractivity — which must hold for G as a
map from Z; | to Z; — to the idea of eventual contractivity. That is, intuitively, one can
impose conditions on the dependence of Z; ., on Z; for h > 1 sufficiently large. To do this

formally, we first introduce the definition of system map iterates.

Definition A.2 (System Map Iterates). Let Z;, € Z € R ¢, € £ € R, where {Z;}1ez,
is generated from a sequence {€ ez according to Zy = G(Z;_1,€). The h-order system

map iterate is defined to be

G(h)(Zt7 €t4+1, €442 - - - >€t+h) = G(G(' e G(Zt, €t+1) e 7€t+h71)> €t+h)
= G(-, €4n) © G(-, €40n—1) 0 - - 0 G(Zy, €441),

where o signifies function composition and G(Z,) = Z,.

To shorten notation, in place of G (Zy, €411, €142, - - ., €4n) we shall use G (Zy, €p41.440)-
Additionally, for 1 < j < h, the partial derivative 0G"*) /0¢; for some fixed h* is to be
intended with respect to €., the j-th entry of the input sequence. This derivative does
not depend on the time index since by assumption G is time-invariant and so is GM.

Taking again the linear autoregressive model as an example,

h—1
Lin = G(h)<Zt7 €ttlath) = B{LZt + Z Bi€irn—i
i=0
since G(z,€) = Byz +e¢. If By determines a stable system, then || B}|| — 0 as h — o since
G" converges to zero, and therefore ||B}|| < Cz < 1 for h sufficiently large. It is thus

possible to use system map iterates to define stability for higher-order nonlinear systems.

3See Potscher and Prucha (1997), pp.68-69.



Definition A.3 (Stable System). Let Z;, € Z € R%, ¢, € £ < R, where {Z;}iez is
generated according to the system Z; = G(Z;_1,€;). The system is stable if there exists

h* =1 such that for all (z,2') € Z x Z and (e1,ea,...epx, €],€5, ..., €%) € Xfﬁj &
IG"D (2, e1nx) = G (2 €140) | < Czllz = 2/ + Cellerns — €fps
holds with Lipschitz constants 0 < Cz <1 and 0 < C, < 0.

It is important to remember that this definition encompasses systems with an arbi-
trary finite autoregressive structure, i.e., Zy = G(Zi_p41, ..., Zi—1,€) for p = 1, thanks to
the companion formulation of the process. An explicit stability condition, similar to that
discussed above for contractivity, can be derived by means of the mean value theorem.

Indeed, for a system to be stable it is sufficient that, at iterate h*,

. [oGU") . , h*
sup < || stack;Z, [aZ(ZZ7€llzh*)] e Zel e XEF <1 (16)
i i=1

and

i=1

oG (")
sup ||a€' (Z,elzh*)|
j

Remark A.1l. Potscher and Prucha (1997) have used conditions (14)-(15) and (16)-(17)

as basis for uniform laws of large numbers and central limit theorems for L"-approximable

h*
2€ Z, epx € X5}<oo, j=1,....h" (17)

and near epoch dependent processes.

A.4 Physical Dependence

Wu (2005) first proposed alternatives to mixing concepts by proposing dependence mea-
sures rooted in a dynamical system view of a stochastic process. Much work has been
done to use such measures to derive approximation results and estimator properties, see
for example Wu et al. (2010), Wu (2011), Chen et al. (2016), and references within.

Definition A.4. Let {Z}cz be a process that can be written as Zy.,, = G™W(Z;, €;41.440)
for all h = 1, (nonlinear) maps G and innovations {¢;}wez. If for all t € Z and chosen

r =1, Z; has finite rth moment, the functional physical dependence measure A, is

A’r(h’) = Sl;tlp H Zt+h - G(h)(sz Et-%—l:t-i—h) ‘

Lr

where {Z}}1ez is an independent copy of {Zi}ien based on innovation process {€,}iez, itself

an independent copy of {€}iez.

Chen et al. (2016), among others, show how one may replace the geometric S-mixing



assumption with a physical dependence assumption.* We will consider the setting where
models that have dependence — as measured by A, (h) — which decays exponentially with

h.

Definition A.5 (Geometric Moment Contracting Process). {Z;}icz is geometric moment

contracting (GMC) in L™ norm if there ezists a; > 0, ay > 0 and 7 € (0,1] such that
A, (h) < ayexp(—ag h").

GMC conditions can be considered more general than [S-mixing, as they encompass
well-known counterexamples, e.g., the known counterexample provided by Z; = (Z;_1 +
€1)/2 for €; i.i.d. Bernoulli r.v.s (Chen et al.; 2016).

In the following proposition we prove that if contractivity or stability conditions as
defined by Potscher and Prucha (1997) hold for G and {€; }7 is an i.i.d. sequence, then the

process {Z;}iez is GMC — according to Definition A.5 — under weak moment assumptions.

Proposition A.1. Assume that {€;}icz, € € E S R are i.i.d. and {Z;}wz is generated

according to Z; = G(Z;_1,¢;), where Z, € Z € R and G is a measurable function.

(a) If contractivity conditions (14)-(15) hold, sup,.z |||l < o0 forr =2 and ||G(Z,€)|| <
o for some (z,€) € Z x &, then {Z}ep is GMC with A, (k) < aexp(—vyh) where
v = —log(Cy) and a = 2||Z;||r < oo.

(b) If stability conditions (16)-(17) hold, sup,ey|l€]|r < o0 forr = 2 and ||0G/0Z| <
My < o0, then {Z;}iez is GMC with A, (k) < aexp(—px h) where v+ = —log(Cy)/h*
and a = 2||Z;||pr max{ ML, 1}/Cy < 0.

Proposition A.1 is important in that it links the GMC property to transparent con-
ditions on the structure of the nonlinear model. It also allows to handle multivariate
systems, while previous work has focused on scalar systems (c.f. Wu (2011) and Chen
et al. (2016)).

Lastly, the following lemma shows that if {Wy}e7 is geometric moment contracting,
Assumption 9 is fulfilled.”

Lemma A.1. If Assumption 7(iii) holds and {Wai}ez is strictly stationary and GMC
then one may choose an integer sequence ¢ = q(n) < n/2 with (n/q)" " 'q¢K*A,(q) = o(1)
for p=>5/2—(r/2+42/r) + wy and r > 2 such that

D log K
(BB /n) — Ix]) = O (ck,nAK,nW> ~ on()

4We adapt here the definitions of Chen et al. (2016) to work with a system of the form Z;, =
G(thl,Et).

5Compare also with Lemma 2.2 in Chen and Christensen (2015).
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provided Cx nAxny/(qlog K)/n = o(1).

It can be seen that Lemma A.1 holds by setting 4/K (log(n))?/n = o(1) and choosing
q(n) = v tlog(K?Pn"*'), where v is a GMC factor, see Proposition A.1 in the Online
Appendix for details. Therefore, the rate is the same as the one derived by Chen and
Christensen (2015) for exponentially S-mixing regressors. It is straightforward to prove
that, if one assume {Z;};,cz fulfills GMC conditions, then {W5},7 is also a geometric
moment contracting process, see Remark B.1 below. Accordingly, Lemma A.1 applies

and Assumption 9 is automatically verified.

B Proofs

Matrix Norms Let
Al := max {||Az]|, | [|=]|, < 1}

be the r-operator norm of matrix A € C%*%, The following Theorem establishes the

equivalence between different operator norms as well as the compatibility constants.

Theorem B.1 (Feng (2003)). Let 1 < p,q < . Then for all A e Ch>*d,

1 ifa>=b,
||A||p < )‘pvq(dl)/\q,p(dﬁnAHq where )‘a,b(d> =
die=1b ifa < b.

This norm inequality is sharp.

In particular, if p > ¢ then it holds (dy)~X4=YP)|| A, < [|A|l, < (di)Y V7| A]|,.

B.1 GMC Conditions and Proposition A.1

Lemma B.1. Assume that {¢}icz, ¢ € € S R are i.i.d., and {Z:}wz is generated
according to Zy = G(Zy_1,¢€;), where Z; € Z < R and G is a measurable function. If

either

(a) Contractivity conditions (14)-(15) hold, sup,yl|l€|lrr < © and ||G(Z,€)|| < «© for

some (Z,€) € Z x &;
(b) Stability conditions (16)-(17) hold, sup,zlle]| - < o0 and ||0G/0Z| < My < oo;
then sup, || Z||or < o0 w.p.1.

Proof.



(a) In a first step, we show that, given event w € (), realization Z;(w) is unique with
probability one. To do this, introduce initial condition z, for £ > 1 such that z, € Z
and |[|z.|| < o0. Define Zt(_z)(w) = GO (yo, €_r114(w)). Further, let 7/ Dbe the
realization with initial condition z! % 2z, and innovation realizations €, py1.4(w).
Note that ||Zt(_é)(w) - Zt/(_é)(w)H < C% |20 — 21|, which goes to zero as £ — co.
Therefore, if we set Z;(w) 1= limy_, z7Y (w), Zi(w) is unique with respect to the

choice of z, w.p.1. A similar recursion shows that
, -1
|27 @) < Chllzoll + D CECellers(@)l] -
k=0

By norm equivalence, this implies

|27,

/-1
C
L < Chllzell, + 3 CoCelleillr < O llzell, + o swlledlzr < o,

and taking the limit ¢ — oo proves the claim.

(b) Consider again distinct initial conditions z # z, and innovation realizations €;_1.¢(w),
yielding Z\" % (w) and Z\?(w), respectively. We may use the contraction bound
derived in the proof of Proposition A.1 (b) below, that is, || Z\? (w) — A (W) - <
C5Cs]|z0 — 2. ||, where Cy > 0 is a constant. With trivial adjustments, the unique-

ness and limit arguments used for (a) above apply here too.

Proof of Proposition A.1.

(a) By assumption for all (z,2') € Z x Z and (e, €') € £ x £ it holds that ||G(z,€) —
G(Z,€)|| < Czllz = 2| + Cle — €'||, where 0 < Cz < 1 and 0 < C. < o0. The
equivalence of norms directly generalizes this inequality to any r-norm for r» > 2.
We study || Zisn — Z}, 4]l where Z;,, is constructed with a time-t perturbation of

the history of Z; . Therefore, for any given ¢ and h < 1 it holds that

H Livh — G(h)(Zé, €t+1:t+h) HT < CZHG(h_l)(Zta €t+1:t+h—1) - G(h_l)(Z£> €t+1:t+h—1)||r
< CZ - Z|»,

since sequence €414+ is common between Z,,j and Zj,,. Clearly then
| Zisn = GW (2, €inain) ||, < 2012l exp(—vh)

for v = —log(Cy). Letting a = 2||Z;||, and shifting time index ¢ backward by h,

since sup,||Z;||zr < oo w.p.1 from Lemma B.1 the result for L follows with 7 = 1.

7



(b) Proceed similar to (a), but notice that now we must handle cases of steps 1 < h < h*.
Consider iterate h* + 1, for which

| Zeonis = QU2 evrenia) ||,

< CZHG(h)(G(Zu €t41), €t2:44+h) — G(h)(G(ZtI7 €141), €t2:04h) || r
CEHG(Zt? erv1) — G(Z], €1l
< Myl Z: = Z{|»

N

by the mean value theorem. Here we may assume that My > 1 otherwise we would

fall under case (a), so that M, < M2 < ... < M} ~'. More generally,
H Zinir = G (Z erneinia) HT < Cé(h) maX{Mg*fla 1| Ze = Z|»

for j(h) := |h/h*|. Result (b) then follows by noting that j(h) = h/h* —1 and then
proceeding as in (a) to derive GMC coefficients.

]

Remark B.1. The assumption of GMC for a process translates naturally to vectors
that are composed of stacked lags of realizations. This, for example, is important in the
discussion of Section 3, since one needs that regressors {Woy}iez be geometric moment
contracting.

Recall that Wy = (X4, Xio1,..., X4p, Yio1, .., Yip, €1t). Here we shall reorder
this vector slightly to actually be Wy = (X4, Xoo1, Y1, ..., Xy, Yip,€11). For h > 0
and 1 < [ < h, let Zj,; = CID(I)(Z{,...,Z,{_p;eHl:tﬂ-) be the a perturbed version of

Zy, where Z] ... Z/  are taken from an independent copy of {Z;};cz. Define W3, =

t—p
(X{, X{, Y, XL, Y, ). Using Minkowski’s inequality
p
[Woaipn — v < W Xeen = Xyl + D M Zesn—s — Zn sl

=1

p
Z |Zt+h -J t+h ]HLT

thus, since p > 0 is fixed finite,

bS]

!/

Lr < Z Ar(h—j) < (p+1) a1z exp(—azzh).

Sltlp||W2t+h -

Above, a1z and asz are the GMC coefficients of {Z;}cz.



B.2 Lemma A.1 and Matrix Inequalities under Dependence

In order to prove Lemma A.1, we modify the approach of Chen and Christensen (2015),
which relies on Berbee’s Lemma and an interlaced coupling, to handle variables with
physical dependence. This is somewhat similar to the proof strategies used in Chen et al.
(2016).

First of all, we recall below a Bernstein-type inequality for independent random matrices
of Tropp (2012).

Theorem B.2. Let {Z;}I', be a finite sequence of independent random matrices with

dimensions dy X ds. Assume E[Z;] = 0 for each i and maxi<;<,||Z:|| < R, and define

n
— max IEEE

o —22/2
( Z:. > (dy + do) exp (nqg% - anz/S) )

The main exponential matrix inequality due to Chen and Christensen (2015), Theo-

n

2E[Fin]

Then for all z = 0,

rem 4.2 is as follows.

Theorem B.3. Let {X;}icz where X; € X be a S-mizing sequence and let Z;,, = =,(X;)
for each i where Z,, : X — R4*% pe q sequence of measurable di x dy matriz-valued
functions. Assume that E[Z;,,] =0 and ||Z; .|| < R, for each i and define

52 = Imax {E |:H—w,n JnH] [HE’/L,TLEjvnH]}

Let 1 < q < n/2 be an integer and let I, = q|n/q|,...,n when q|n/q] < n and I, = &

otherwise. Then, for all z = 0,

P(“ 62><Zﬂ(q)+]13’<

> Ein
where ||, Einll ;= 0 whenever I, = .

—_
—
—,n

i€le

—2%/2
>z | 4+ 2(dy + dy) exp S+ g3 )

To fully extend Theorem B.3 to physical dependence, we will proceed in steps. First,
we derive a similar matrix inequality by directly assuming that random matrices =; ,, have

physical dependence coefficient AZ(h). In the derivations we will use that

1

@yl <114l < (d0)*7Vr ) Al



for r = 2.

Theorem B.4. Let {€;},ez be a sequence of i.i.d. variables and let {Z;,}7_4,
Ei,n = GE( 61, 61)

for each i, where =, : X +— RU*%2  be q sequence of measurable di x dy matriz-valued
functions. Assume that E[Z;,,] = 0 and ||Z;,|| < R, for each i and define

52 = Imax {E[ ‘—'zn‘—‘]nH] [| :/ :JnH]}

Additionally assume that ||Z;,||r < © for r > 2 and define the matriz physical depen-

dence measure AZ(h) as

= - =. _ —hx
AT(h) = max | —Ei5 |
—hx . _ = * * ; *
where =i = GL(.. o €, 1, € py €iont1y -5 €1, €) for independent copy {€}}jez. Let

1 < g < n/2 be an integer and let I, = q|n/q|,...,n when g|n/q| < n and I, = &

otherwise. Then, for all z = 0,

n nr+1 _
P Ezn > 6z g—Af +P Ezn =z |+
< Z:ZI ) > qr(d2>r/2—lzr (q) ( ZGZ[. ) >
—22/2
2(dy +d
(di + do) exp (nqSﬁ +anz/3> 5
where ||, Zinll := 0 whenever I, = .

Proof. To control dependence, we can adapt the interlacing block approach outlined by
Chen et al. (2016). To interlace the sum, split it into

n
PETEDINEDIE DI
i=1 JEK, jedo i€ls

where W; : ZZ g(i—1)41Zin for j =1,...,[n/q| are the blocks, I. := {q|n/q| + 1,...,n}
if ¢|n/q] < n and J, and J, are the subsets of even and odd numbers of {1,..., [n/q]},
respectively. For simplicity define J = J. U J, as the set of block indices and let

W =E[W)|en qj—2)+1<0<qj].

J

Note that by construction {Wj}je J. are independent and also {VVJ-T}]»e J, are independent.

= 62)

Using the triangle inequality we find

p( >6z>@(

n

—_
—
—in

i=1

W =)

jed

LW+

jed

§ ‘—‘Zn

i€l

10



<P(Z(Wj—wj) >z) +IP<
2

+IP>< >z>+P<ZEm
jeJo

i€l
=1+ 1I1+1IT+1V.

2, W

jede

>z>
22)

We keep term IV as is. As in the proof of Chen and Christensen (2015), terms /I and

111 consist of sums of independent matrices, where each I/VjT satisfies ||W]TH < qR, and

n

max {E [ 1w w)'||| B [1w] W]l } < a2

Then, using the exponential matrix inequality of Tropp (2012),

]P(ZW,I >z)<(d1+d2)exp< —2/2 )

= ngS2 + qR,z/3
The same holds for the sum over J,. Finally, we use the physical dependence measure A%
to bound /. Start with the union bound to find

]P’( >z><P<ZHVVj—WjH>z>

jedJ
where we have used that |n/q| < n/q. Since W; and I/VjT differ only over a g-algebra that

> W —w)

jedJ

< ZP(HWJ.—W}H > %z)

is ¢ steps in the past, by assumption

(W = w|| < qai(g),

LT

which implies, by means of the rth moment inequality,

q ) n’ =
= = AZ(q).
r n z qr—l(dQ)r/Q—lzr r (Q)

N

P (s> £2) < (e

where (dy)"/7~'/? is the operator norm equivalence constant such that ||| = (d)*"="?||-||.
(Feng, 2003). Therefore,
nr+1

as claimed. 0

DW= w

jedJ

Notice that the first term in the bound is weaker than that derived by Chen and

11



Christensen (2015). The f-mixing assumption and Berbee’s Lemma give strong control
over the probability P(|>,.,(W; — VVJT) | = 2). In contrast, assuming physical dependence
means we have to explicitly handle a moment condition. One might think of sharpen-
ing Theorem B.4 by sidestepping the rth moment inequality (c.f. avoiding Chebyshev’s
inequality in concentration results), but we do not explore this approach here.

The second step is to map the physical dependence of a generic vector time series

{X}icz to matrix functions.

Proposition B.1. Let {X;}icz, where X; = G(...,€i1,6) € X for {€;}jez i.9.d. be a
sequence with finite rth moment, where r > 0, and functional physical dependence coeffi-

crents

) Lr

A,(h) = sup H Xivn — GMW(XF €i1ivn) ‘
forh = 1. Let=;,, = Z,(X;) for each i where =, : X — R%*42 pe g sequence of measurable
dy x dy matriz-valued functions such that =, = (vi,...,va,) for vy e RO, If [|Z; |- < 0
and

Cs = sup|Vuy(e)| < C= < o,
zeX

then matrices =, ,, have physical dependence coefficients

AZ(h) = Sl;p H Ein — Sh

—i,n

where ZM = Z, (G (X!, €4 1.41)).

—,n
=ha
—i,n)

tively, where X/* = G (X7, €i11:4n). First we move from studying the operator r-norm

Proof. To derive the bound, we use =, (X;) and =, (X*) in place of Z;,, and respec-

(recall, r > 2) to the Frobenius norm,

|20 (X0 = Za(X)| < ()7 [En(X) — Zn(X0)

=
where as intermediate step we use the 2-norm. Let =, = (v1,...,vq,) for v, € R® and
lel, ... dsy, so that
da
= — 2
1=l = g | 2l
=1
where vy = (vg,...,v,). Since v, : X — R% are vector functions, the mean value

theorem gives that

[En(Xs) = En(X])

d2
P S| 2 CRNIX = X2 < £/ Cs |1 X — XU
=1

12



Combining results and moving from the vector r-norm to the 2-norm yields

|En(x0) = Ea(x))

< (do)' V7 (d) 2V O || X = Xl
The claim involving the L” norm follows immediately. O]

The following Corollary, which specifically handles matrix functions defined as outer

products of vector functions, is immediate and covers the setups of series estimation.
Corollary B.1. Under the conditions of Proposition B.1, if

En(Xi) = Ea(Xi)&n(Xs) + Qn
where &, : X — R? is a vector function and Q,, € R¥™? is nonrandom matriz, then

AZ(h) < d*272" Ce A, (R),

where Cg := sup,c || V&, (2)]| < 0.

Proof. Matrix @), cancels out since it is nonrandom and appears in both Z,(X;) and

Z,(X[™). Since =,(X;) is square, the ratio of row to column dimensions simplifies. ~ [J

The following Corollaries to Theorem B.4 can now be derived in a straightforward

manner.

Corollary B.2. Under the conditions of Theorem B./J and Proposition B.1, for all z = 0

n
=1

i€l
where A,(+) if the functional physical dependence coefficient of X;.

r+1
> 6z> < n (d2>2—(7"/2+1/r) (dl)l/Q—l/rCE AT(Q) +P (

= qT‘ZT

+2(dy + d) exp ( —2/2 ) .

ngS2 + qR,z/3

Corollary B.3. Under the conditions of Theorem B.J and Proposition B.1, if ¢ = q(n)
is chosen such that

nrJrl

(do)?~ 72T ()27 C2 A, (q) = o(1)

r

and Rp+/qlog(dy + dy) = o(Sna/n), then
i=1

— Op <Sn\/nq log(dy + dQ)) .

13



This result is almost identical to Corollary 4.2 in Chen and Christensen (2015), with
the only adaptation of using Theorem B.4 as a starting point. Condition Rn\/m =
0(Spa/n) is simple to verify by assuming, e.g., ¢ = o(n/log(n)) since log(d; +ds) < log(K)
and K = o(n).

Note that when d; = dy = K, which is the case of interest in the series regression setup,

the first condition in Corollary B.3 reduces to
K5/2—(7’/2+2/7‘) CE AT(Q) _ 0(1)’

which also agrees with the rate of Corollary B.1. Assumption 7(i) and a compact domain

further allow to explicitly bound factor Cz by
CE < Kw27

so that the required rate becomes

3
K”A,(q) = o(1), where p:= 5 g + ws.

Proof of Lemma A.1. The proof follows from Corollary B.3 by the same steps of the
proof of Lemma 2.2 in Chen and Christensen (2015). Simply take

Zin =07 () (X)) (X) ~ Ix)
and note that R, <n~'(1 + (%, ,) and S, <n (1 + (&, Ak )- O
For Lemma A.1 to hold under GMC assumptions a valid choice for ¢(n) is
q(n) =~ log(Kn")

where 7 as in Proposition A.1. This is due to

n r+1 nrtl
(q) qK"A(q) < 7 K’ exp(—vq)

nr—i—le
< KP r+1y-—1
~ log(KPn’“H)’“( n)
1
S ——)
log(Kpnr-i-l)r 0( )

Note then that, if A, <1 and (x, < VK, since
qlog K Klog(Krn+1) log(K K log(nr+r+2)log(n Klog
CK,n)\K,n n S n

14




to satisfy Assumption 9 we may assume 4/ K log(n)?/n = o(1) as in Remark 2.3 of Chen

and Christensen (2015) for the case of exponential S-mixing regressors.

B.3 Theorem 3.1

Before delving into the proof of Theorem 3.1, note that we can decompose ﬁg — 1L as
My — 10y = (Il — II3) + (I — TIy) + (I, — IIy),

where ﬁg is the projection of Il onto the linear space spanned by the sieve. The last two
terms can be handled directly with the theory developed by Chen and Christensen (2015).
Specifically, their Lemma 2.3 controls the second term (variance term), while Lemma 2.4
handles the third term (bias term). This means here we can focus on the first term, which
is due to using generated regressors ¢j; in the second step.

Since ﬁg can be decomposed in dy rows of semiparametric coefficients, we further
reduce to the scalar case. Let my be any row of I, and, with a slight abuse of notation, Y

the vector of observations of the component of Y; of the same row, so that one may write
Ro(w) — 73 (x) = b (2) (B, Br) " (Br — Bx)'Y + b () [(é;éw) - (é;éw)] BLY
=1+1I

where b (z) = F;}Qﬂbf (z) is the orthonormalized sieve according to 'y := E[bE (Wy)

~

b (Way)'], By is the infeasible orthonormalized design matrix (involving ey;) and B; is

feasible orthonormalized design matrix (involving €;). In particular, note that

0 0 €1 —en
B, =B;+ R,, where R,:=1]: ... : : e RK,
0 0 gln — €lIn

which implies éﬂ — EW =R, I‘;Z/Q =: }N%n
The next Lemma provides a bound for the difference (B.B,/n) — (B.B,/n) that will

be useful in the proof of Theorem 3.1 below.

Lemma B.2. Under the setup of Theorem 1 in Chen and Christensen (2015), it holds
|(BBr/n) — (BLB./n)| = Op(v/K n).

Proof. Using the expansion E;éﬂ = E;Eﬂ + (E;én + E;EW) + ]?2;1]3% one immediately
finds that H(R’Téﬂ/n) - (é;éﬂ/n)u < 2H§;}~%n/nH + Hﬁ%ﬁn/nu The second right-hand

15



side factor satisfies “E;En/n" < )\%nHR;Rn/nH Moreover,

HR;"LRn/nH = 1 Zn:(%\lt - elt)zH = l Zn:(l_h — ﬁl)/WltW{t<Hl — ﬁ1>
n t=1 n t=1

Y

since |[W{Wy/n|| = Op(1). Under Assumption 8, Xk, /n = op(y/K/n) since B-splines

Ry, R, /n|| = op(y/K /n). Factor || B, R, /nl|
is also straightforward, but depends on sieve dimension K,

and wavelets satisfy g, < 1. Consequently,

Hé;Rn/”H S iggﬁ((W%)(at — )| =

< 10— 0 | B3 ] = Op (/K ),

since | BLWi/n|| = Op(VK) as the column dimension of W is fixed. The claim then
follows by noting Op(4/K /n) is the dominating order of convergence. O

1 G~ ~
= N 0K (Wa)WH,(1T, — 1I)
n t=1

Proof of Theorem 3.1. Since ﬁ1 is a least squares estimator of a linear equation, the

rate of convergence is the parametric rate n='/2. The first result is therefore immediate.

For the second step, we use Hﬁg _H2H < Hﬁg —ﬁ; + Hﬁ;‘ —Hg‘
e} o0

the first right-hand side term. For a given component of the regression function,

o and bound explicitly

|Ta(x) — 75 ()| < |I] + |11].
We now control each term on the right side.

(1) Tt holds

11 < B Gl | (B2 B | (B = Bo)'y /]

(B, Ba/n) ||| (Be = B)'Y /i

< sup |05 (2)
zeWo2 R
< Cen i || (BLBo/m) ||||(Bx = Bo)'Y /.

Let A,, denote the event on which ngjrﬁ,,/n—IKH < 1/2, so that H(é;lgﬂ/n)fH <2

on A,. Notice that since ||(B.Bx/n) — (B.B,/n)|| = op(1) (Lemma B.2) and, by
assumption, ||]§;r§7r/n — Ik|| = op(1), then P(AS) = o(1). On A, then

11 < ConNien | (Br = Br)'Y /|| = Cienic,n | RLY /|-

From R)Y = Y1 b5 (Wyy) (€1, —en)Ys = (I1; — ﬁl)’Wl’Y it follows that HR;LY/TLH <

16



|1, =0 | | WY /n|| on Ay, meaning |T| = Op (Cxn Nk ,./v/n) as [W1Y /n]| = Op(1)
and P(AS) = o(1).

(2) Again we proceed by uniformly bounding I/ according to
11 < Cicndicn || (BLBr/n) ™ = (ByBy/n) ||| Bry /n|.

The last factor has order || B.Y /n| = Op(vK) since l}r is growing in row dimension
with K. For the middle term, introduce Ap := B.B./n — B.B,/n and event
B, = {H(R’réﬂ/n)_ ABH < 1/2} N {Hé;é,r/n — IKH < 1/2} . On B, we can apply
the bound (Horn and Johnson, 2012)

e AEVINST-S W3- 9N |

|(B2Besn)”™ = (BiBe/m) | < T B - ag S

Since Hé;réﬂ/n - E;éw/nH = Op(4/K/n) by Lemma B.2, we get
K
11/ =0 nAK =
111 = 0r (Grai -
on B,. Finally, using P((A n B)®) < P(A®) + P(B°) we note that P(BS) = o(1) so
that the bound asymptotically holds irrespective of event B,,.

Thus, we have shown that

|Ta(x) — 75 (x)] < Op (CKnAin\/lﬁ> + Op <<K,n/\K,n\[/(ﬁ) =0Op <<K,n)\K,n\[/(ﬁ>

as clearly \/n~" = o(K/y/n) and, as discussed in the proof of Lemma B.2, Nicn/1 =
op(n/K/n). This bound is uniform in = and holds for each of the (finite number of)

components of ﬁg, therefore the proof is complete. m

B.4 Theorem 4.1

Before proving impulse response consistency, we show that the functional moving average

coefficient matrices I'; can be consistently estimated with ﬁ1 and ﬁz.

Lemma B.3. Under the assumptions of Theorem 5.1 and for any fixed integer j = 0, it
holds

1T = Tjlle = op(1).

Proof. By definition, recall that T'(L) = ¥(L)G(L) where ¥ = (I; — A(L)L)~!. Since
(L) is an MA() lag polynomial, we have that ['(L) = (3., ¥xL")(Go + G1L + ...

+ G,LP), where Wy = I, {U;}}, are purely real matrices and G is a functional vector

17



that may also contain linear components (i.e. allow linear functions of X;). This means
that I'; is a convolution of real and functional matrices, I'; = me{] b} U,;_;Gy. The linear
coefficients of A(L) can be consistently estimated by I, and Il,, and, thus, the plug-in
estimate \le is consistent for ¥; (Liitkepohl, 2005). Therefore,

min{j, p}

IT; = Tjlloe < > H‘I’j—kz - ‘f’j—szw Gl + H{I\’j—k‘Hw HGk - @kHOO
k=1
min{j, p}
< 0p(1)Cax + Op(1)0y(1) = 0p(1),

k=1

where Cg , is a constant and |G, — ék lso = 0,(1) as a direct consequence of Theorem 3.1.

m
Recall now that the sample estimate for the relaxed-shock impulse response is
= ~ n ho
IRF}L7¢(5) = @h,~15 n_l Z p(glt) + Z V}g((s)
= =0
where
~ 1 " ~
Vie(0) = - Z @j,e(Xt+j;t;5t = Z l il Xt+gt75t) Fth+j] .
n—7 t=1 B '] t=
Therefore, the estimated horizon h impulse response of the /th variable is
—_ n—, J
IRF}, 0(0) := @hz15n ZP €1) + Z [ Z Uj@(Xt+jt75t)] -
t=1
Lemma B.4. Under the assumptions of Theorem J.1 , let xj.0 = (zj,...,29) € X7 and

e € & be nonrandom quantities. Let 5 be the relazed shock determined by 6, p and ¢.
Then,

() $UDy, o [33 (2503 0) = 75250 0)] = 0p(1)

(i7) supmjzoﬁﬁj,g(xj;o; 5~) — vﬂ(szo;g)]: op(1) ,
for any fized integers j =0 and £ € {1,..., d}.
Proof.

(i) We have that

Wj(ﬂﬁj:o; 5) Vi % 0; 0

j
Z [ Lip112j—k(6) — Tenzj—ik) — (Draizj—x(0) — Fk,llxj—k)]‘

k=1

18



o N N J.
< Z ‘Fk,llxjfk(é) — Fk,llxjfk<5)‘ + Z ‘Fk,llmjfk — T iwj_gl.
k=1 k=1

This yields sup, . 17 (25:0;0) — vj(5:0;0)] < 27 supgex ’Fk,llx — lex’ . Since j is
finite and fixed and the uniform consistency bound of Lemma B.3 holds, a fortiori

SUDgex ‘fk,nf — Fk,nl” = op(1).

(ii) Similarly to above,

186 (2:0:0) — v (403 0) | = ’( 3075 (j.0;0) — Fjﬂj(ff?j:o%5)> - (Fj,efﬁj - FM%’)

< T = Ticlloo + IT5ello0l A (2505 8) — 75 (5103 )]
+ T ey — Loz
<20 = Tjello + Crja [75(25.056) — v5(25.05 0)|,

where we have used that v;(x;.0; 8) € X to derive the first term in the second line.
In the last line, Cr, is a constant such that [|Tlle < SV P, 4]0 |Gilloo <
Cr ;- The claim then follows thanks to Lemma B.3 and (i).

]

In what follows, define v;, (XHN; 5~t) to be a version of v;, that is constructed using

coefficient estimates from {ﬁl, ﬁg} but evaluated on the true innovations ;.

Proof of Theorem 4.1. If we introduce

n h
IRthg((S)* = @Wlé n_l Z p(€1t) + Z

t=1 j=0

[ 2 Xt+]t75t ] ’

then clearly

IRE) () ~ RFy0(6)] < [TRE((0) IR, ,(6)] + [IRE, (6) — TRF (0)

=1+11.

To control 11, we can observe

I< éh,z15 n~t Z plen) — @h,a(SE[P(ﬁu)]‘

Z Xt+] t75t - [Uj,f(XtJrj:t; g)]
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<6 ‘éh,el — O 51’ nt Y plew)| +0 ‘éh’“‘ URDIVICH E[p(eltﬂ‘
t=1 t=1
h 1 g - ~
+ Z : Z @e(Xtﬂ t; 5t) Efv; Z(Xtﬂ ts 6)]
ey KL

n—j

h
1
+ 2 Z Uge(Xt+g it 5t) - UJE(Xt-i-j it 5t)

o KLl B

h
+Zl

=0 _]t

n—j

~,

/U]E(Xt-‘r] t75t> - E[Uj,Z(Xt+j:t; 5)] .

The first two terms in the last bound are op(1) since ‘(:)h n— O g1’ = op(1), as discussed
in Lemma B.3, and n=' > p(e1;) & E[p(er,)] by a WLLN. For the other terms in the

last sum above, we similarly note that

IZ Xt+jt75t _U]f(Xt+]t16t) = 0P(1)

from Lemma B.4, while, thanks again to a WLLN, it holds

— Z Uje Xt+] t,(St —E[Uj,z(XHj:t?g)]‘ = OP(1>‘

Since h is fixed finite, this implies that /1 = op(1).
Considering now I, we can write

nt Y p(E) — plew)

n—j

. Z @j,e(XHj:t; gt) - ?A)j,e (Xt+j:t; gt)
=1

5|6l

o
+

—I'+1"

Since by assumption p is a bump function, thus continuously differentiable over the range

of €, by the mean value theorem

n n
Z €1r) — pler)| < nt Z|PH ’glt — €1t’
=1 =

for a sequence {p}}?_; of evaluations of first-order derivative p’ at values & in the interval

with endpoint ¢ and &. One can use |p;| < C, with a finite positive constant C,/, and
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by recalling that €; — €1, = (I} — ﬁl)’Wu one, thus, gets

n! Z p(€w) — ple)

t=1

\ p/

D30t By W] < it Bl S il = or(1).

This proves that term [’ is itself op(1). Finally, to control I”, we use that by construction
estimator ﬁg is composed of sufficiently regular functional elements i.e. B-spline estimates

of order 1 or greater. Thanks again to the mean value theorem

\n_ Z

Xt+] it 5t) - Ug Z(XtJrj it 5t)

,ge Z ‘Glt_elt‘

for any fixed j and some Cy ;, > 0. This holds since ¥;, is uniformly continuous by

| Z Xt+y it gt) - UM(XHJ it 5t)

construction. Note that we have assumed that the nonlinear part of II, belongs to a
Holder class with smoothness s > 1 (for simplicity, assume here that s is integer, otherwise
a similar argument can be made). Then, even though Cy ;, depends on the sample, it is
bounded above in probability for n sufficiently large. Following the discussion of term I,
we deduce that the last line in the display above is 0,(1). As h is finite and independent
of n, it follows that also I” is of order op(1).

Finally, to obtain uniformity with respect to § € [=D, D], simply note that bounds

on I and I1 are explicit in ¢, therefore

sup ﬁh74(5) — ﬁ‘hjg((;) <D x Op(l),
6e[—D,D]

concluding the proof. O

C Simulation Detalils

C.1 Benchmark Bivariate Design

The first simulation setup involves a bivariate DGP where the structural shock does not
directly affect other observables. This is a simple environment to check that indeed the
two-step estimator recover the nonlinear component of the model and impulse responses
are consistently estimated, and that the MSE does not worsen excessively.

I consider three bivariate data generation processes. DGP 1 sets X; to be a fully
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exogenous innovation process,

Xi = e, (18)
Y; = 0.5Y;1 +0.5X; + 0.3X;_1 — 0.4max(0, X;) + 0.3 max(0, X;_1) + €.

DGP 2 adds an autoregressive component to X;, but maintains exogeneity;,
Xt = 0.5Xt_1 + €1t, (19)

Y; =0.5Y; 1 +0.5X; + 0.3X;_1 — 0.4max(0, X;) + 0.3max (0, X;_1) + €.
Finally, DGP 3 add an endogenous effect of Y;_; on the structural variable by setting

X; =05X;_1+0.2Y,_1 + €1t,

(20)
Y; = 0.5Y; 1 +0.5X; + 0.3X; 1 — 0.4max(0, X;) + 0.3 max(0, X; 1) + €.

Following Assumption 1, innovations are mutually independent. To accommodate As-
sumption 4, both €;; and ey are drawn from a truncated standard Gaussian distribution
over [—3,3].° All DGPs are centered to have zero intercept in population.

We evaluate bias and MSE plots using 10000 Monte Carlo simulation. For a chosen
horizon H, the impact of a relaxed shock on €y; is evaluated on Y,y for h = 1,..., H.
To compute the population IRF, we employ a direct simulation strategy that replicates
the shock’s propagation through the model and we use 10° replications. To evaluate the
estimated IRF, the two-step procedure is implemented: a sample of length n is drawn,
the linear least squares and the semiparametric series estimators of the model are used to
estimate the model and the relaxed IRF is computed following Proposition 2.1. For the
sake of brevity, we discuss the case of 6 = 1 and we set the shock relaxation function to

be
z|4 _1>
1]
3

p(z) ={x < 3}exp (1 + U

It can be easily checked that this choice of p is compatible with shocks of size 0 < |d] < 1.
Choices of 9 = —1 and § = £0.5 yield similar results in simulations, so we do not discuss
them here.

Figure D.1 contains the results for sample size n = 240. This choice is motivated
by considering the average sample sizes found in most macroeconometric settings: it is
equivalent to 20 years of monthly data or 60 yearly of quarterly data (Gongalves et al.,
2021). The benchmark method is an OLS regression that relies on a priori knowledge

of the underlying DGP specification. Given the moderate sample size, to construct the

SLet e;r ~ N(0,1) for i = 1,2, then the truncated Gaussian innovations used in simulation are set to
be €;; = min(max(—3, e;¢),3). The resulting r.v.s have a non-continuous density with two mass points at
-3 and 3. However, in practice, since these masses are negligible, for the moderate sample sizes used this
choice does not create issues.
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cubic spline sieve estimator of the nonlinear component of the model we use a single knot,
located at 0. The simulations in Figure D.1 show that while the MSE is slighlty higher
for the sieve model, the bias is comparable across methods. Note that for DGP 3, due to
the dependence of the structural variable on non-structural series lags, the MSE and bias
increase significantly, and there is no meaningful difference in performance between the

two estimation approaches.

C.2 Structural Partial Identification Design

To showcase the validity of the proposed sieve estimator under the type of partial struc-
tural identification discussed in the paper, we again rely on the simulation design proposed
by Gongalves et al. (2021). All specifications are block-recursive, and require estimating
the contemporaneous effects of a structural shock on non-structural variables, unlike in

the previous section.
The form of the DGPs is

BoZy = B1Zy1 + Cof(Xy) + C1f(Xi—1) + &,

where in all variations of the model

1 0 0 0 0
By=|-045 1 —03|, Cy=[-02]|, and C,=|-01].
—0.05 0.1 1 0.08 0.2

I focus on the case f(x) = max(0,z), since this type of nonlinearity is simpler to study.

DGP 4 treats X, as an exogenous shock by setting
0 0 0
By =015 0.17 —0.18{;
—0.08 0.03 0.6
DGP 5 add serial correlation to X;,
—-0.13 0 0
By =1 015 0.17 —0.18{;
—0.08 0.03 0.6
and DGP 6 includes dependence on Y;_1,
—0.13 0.05 —0.01
By =1 015 0.17 —0.18].
—0.08 0.03 0.6

For these data generating processes, we employ the same setup of simulations with DGPs
1-3, including the number of replications as well as the type of relaxed shock. as well

as the sieve grid. Here too we evaluate MSE and bias of both the sieve and the correct
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specification OLS estimators with as sample size of n = 240 observations. The results in
Figure D.2 show again that there is little difference in terms of performance between the

semiparametric sieve approach and a correctly-specified OLS regression.

C.3 Model Misspecification

The results from benchmark simulations support the use of the sieve IRF estimator in a
sample of moderate size, since it performs comparably to a regression performed with a
priori knowledge of the underlying DGP. We now show that the semiparametric approach
is also robust to model misspecification compared to simpler specifications involving fixed
choices for nonlinear transformations.

To this end, we modify DGP 2 to use a smooth nonlinear transformation to define
the effect of structural variable X; on Y;. That is, there is no compounding of linear and
nonlinear effects. The autoregressive coefficient in the equation for X; is also increased
to make the shock more persistent. The new data generating process, DGP 7, is, thus,

given by

Xt = O.8Xt_1 + €14,

(21)
Y;g = 0.5}/;5,1 + 09g0<Xt) + O5Q0(Xt,1) + €9¢.

where p(z) := (z — 1)(0.5 + tanh(z — 1)/2).

To emphasize the difference in estimated IRFs, in this setup we focus on § = +2,
which requires adapting the choice of innovations and shock relaxation function. In sim-
ulations of DGP 7, €1; and €9; are both drawn from a truncated standard Gaussian dis-
tribution over [—5,5]. The shock relaxation function of this setup is given by

3.9 -1
2 1] > .
5

p(z) = l{x < 5}exp (1 + U

This form of p is adapted to choices of § such that 0 < |§] < 2. The sieve grid now consists
of 4 equidistant knots within (—5,5). We use the same numbers of replications as in the
previous simulations. Finally, the regression design is identical to that used for DGP 2
under correct specification.

The results obtained with sample size n = 2400 are collected in Figure D.3. We choose
this larger sample size to clearly showcase the inconsistency of impulse responses under
misspecification: as it can be observed, the simple OLS estimator involving the negative-
censoring transform produces IRF estimates with consistently worse MSE and bias than
those of the sieve estimator at almost all horizons. Similar results are also obtained for

more moderate shocks 6 = +1, but the differences are less pronounced. These simulations
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suggest that the semiparametric sieve estimator can produce substantially better IRF
estimates in large samples than methods involving nonlinear transformations selected a
priori.

In this setup, it is also important to highlight the fact that the poor performance of
OLS IRF estimates does not come from ¢(z) being “complex”; and, thus, hard to approx-
imate by combinations of simple functions. In fact, if in DGP 7 function ¢ is replaced
by @(z) := p(z + 1), the differences between sieve and OLS impulse response estimates
become minimal in simulations, with the bias of the latter decreasing by approximately
an order of magnitude, see Figure D.4. This is simply due to the fact that @(z) is well
approximated by max(0,x) directly. However, one then requires either prior knowledge
or sheer luck when constructing the nonlinear transforms of X; for an OLS regression.
The proposed series estimator, instead, just requires an appropriate choice of sieve. Many
data-driven procedures to select sieves in applications have been proposed, see for example
the discussion in Kang (2021).
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D Additional Plots
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Figure D.1: Simulations results for DGPs 1-3.
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Figure D.2: Simulations results for DGPs 4-6.
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Figure D.3: Simulations results for DGP 7.
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Figure D.5: Estimated nonlinear regression functions for the narrative U.S. monetary
policy variable. Contemporaneous (left side) and one-period lag (right side) effects are
shown, linear and nonlinear functions. For comparison, linear VAR coefficients (dark
gray) and the identity map (light gray, dashed) are shown as lines.
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Figure D.7: Relative changes in the GDP impulse responses function when the size of
the shock is reduced from that used in Figure 3. The standard deviation of X; = €4 is
0e1 ~ 0.5972. Linear IRFs are re-scaled such that for all values of § the linear response at
h = 0 is one in absolute value. Nonlinear IRFs are re-scaled by ¢ times the linear response
scaling factor.
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Figure D.8: Estimated nonlinear regression functions for the 3M3M subjective interest
rate uncertainty measure. One-period (left side) and two-period lag (right side) effects are
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Figure D.9: Comparison of histograms and shock relaxation function for a positive (left)

and negative (right) shock in monetary policy. Original (blue) versus shocked (orange)
distribution of the sample realization of €;;. The dashed vertical line is the mean of the

original distribution, while the solid vertical line is the mean after the shock.
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Figure D.10: Left: Histograms and shock relaxation function for a one-standard-deviation
shock in interest rate uncertainty. Original (blue) versus shocked (orange) distribution
of the sample realization of €;;. The dashed vertical line is the mean of the original
distribution, while the solid vertical line is the mean after the shock. Right: Envelope
(min-max) of shocked paths for one-standard-deviation impulse response.

34



IP

-8+
| — — — Linear
-10 Sieve
-12 3 : !
0 20 40 60
Quarters
§=0.75 X 0.,

-12 : : ‘
0 20 40 60

Quarters

§=0.25X 0,

-12 : : ‘
0 20 40 60

Quarters

Figure D.11: Relative changes in the industrial production impulse responses function
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Figure D.12: Relative changes in the CPI impulse responses function when the size of
the shock is reduced from that used in Figure 4. The standard deviation of = ¢y, is
0e1 ~ 0.0389. Linear IRFs are re-scaled such that for all values of § the linear response at
h = 0 is one in absolute value. Nonlinear IRFs are re-scaled by ¢ times the linear response

scaling factor.
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